Abstract. Two link diagrams on compact surfaces are strongly equivalent if they are related by Reidemeister moves and orientation preserving homeomorphisms of the surfaces. They are stably equivalent if they are related by the two previous operations and adding or removing handles. Turaev and Turner constructed a link homology for each stable equivalence class by applying an unoriented TQFT to a geometric chain complex similar to Bar-Natan's one. In this paper, by using an unoriented homotopy quantum field theory (HQFT), we construct a link homology for each strong equivalence class. Moreover, our homology yields an invariant of links (under ambient isotopy) in the oriented I-bundle of a compact surface.
Introduction
An oriented (d + 1)-dimensional topological quantum field theory (TQFT) [3] assigns a module to each oriented closed d-dimensional manifold and assigns a homomorphism of modules to each oriented (d + 1)-dimensional cobordism, satisfying certain axioms. If we do not assume that manifolds and cobordisms are oriented, then we call it an unoriented TQFT.
Turaev [13] defined the concept of homotopy quantum field theories (HQFTs) with target X, where X is a connected topological space with a base point. An oriented HQFT assigns a module and a homomorphism of modules to each "oriented X-manifold" and "oriented X-cobordism", respectively. An oriented X-manifold is a pair of an oriented manifold with some base points and a continuous map from the manifold to X. An oriented X-cobordism is a pair of an oriented cobordism with pointed boundaries and a continuous map from the cobordism to X. An unoriented HQFT is defined analogously. For any group π, Turaev [13] constructed a bijective correspondence between oriented (1+1)-dimensional HQFTs with target X for X = K(π, 1) and "crossed π-algebras", where a crossed π-algebra V is a Frobenius π-algebra endowed with a group homomorphism ϕ : π → Aut(V ).
The author [10] considered unoriented (1+1)-dimensional HQFTs with target K(π, 1), where π is an F 2 -vector space. For an F 2 -vector space π, he showed that there is a bijective correspondence between unoriented (1 + 1)-dimensional HQFTs with target K(π, 1) and "extended crossed π-algebras", where an extended crossed π-algebra L is a crossed π-algebra endowed with a linear map Φ : L → L and a family of elements {θ α ∈ L 1π } α∈π .
For each oriented link in S 3 , Khovanov [6] defined a graded chain complex whose graded Euler characteristic equals the Jones polynomial of the link. Its homotopy class is a link invariant and its homology is called the Khovanov homology. Bar-Natan [5] gave a geometric chain complex for the (original) Khovanov homology and explained it using an oriented TQFT. By using Bar-Natan's complex and an unoriented (1+1)-dimensional TQFT, Turaev and Turner [15] constructed a link homology for each stable equivalence class (Definition 3.1) of link diagrams on surfaces. Unfortunately, their homology is not an extension of the Khovanov homology to stable equivalence classes. Manturov [7] gave an extension of the Khovanov complex to virtual links, that is stable equivalence classes, and Tubbenhauer [12] defined a homology for virtual links in the spirit of Bar-Natan's complex. Asaeda, Przytycki and Sikora [2] also constructed link homologies for link diagrams on surfaces. Audoux [4] considered "surfaces with pulleys" and defined a link homology.
In this paper, for an oriented link diagram D on an oriented compact surface F , we construct a link homology by using an unoriented HQFT with target X = K(H 1 (F ; F 2 ), 1). The main idea is as follows: Firstly, we color each circle of smoothings of D by the element in H 1 (F ; F 2 ) represented by the circle. Since a circle labeled by an element in π 1 (X) = H 1 (F ; F 2 ) is regarded as an X-manifold (Remark 2.8), we can regard each smoothing as an X-manifold (the manifold mapped to X is the disjoint union of the circles resulting from the smoothing). Secondly, we use these X-manifolds in order to construct a geometric chain complex ( 
[[(F, D)]]
* , Σ * ) (defined in Section 3) which is similar to BarNatan's complex. Finally, we associate an HQFT (A, τ ) to the complex and obtain a complex (C Remark 1.2. Examples of such (A, τ ) exist, see Sections 4.3 and 6. Remark 1.3. Two oriented link diagrams on an oriented compact surface F represent the same link in F × I if and only if they are strongly equivalent (see Definition 3.1). In order to prove Theorem 1.1, we show that the homology is an invariant of strong equivalence classes. Moreover, we will give a remark on link diagrams on a non-orientable surface and introduce that our homology is also an invariant of oriented links in an oriented I-bundle over a compact surface including non-orientable ones (see Remark 6.1).
Our construction satisfies the following duality relation which is analogous to a property of the Khovanov homology. We give a proof of Theorem 1.4 in Section 4.2. For π = H 1 (F ; F 2 ) and for any HQFT (A, τ ) with target K(π, 1) which preserves the S, T and 4-Tu relations given in Figure 2 , there is an isomorphism of complexes
where
Let D be a plus-adequate diagram on the plane with n − negative crossings. Then the −n − -th homological degree term of the Khovanov homology of D is not zero (see Proposition 36 in [6] ). For a special HQFT (A, τ ), our homology has a similar property as follows: The description of a weak plus-adequate diagram is given in Definition 4.7. If a diagram is plus-adequate, the diagram is weak plus-adequate. We prove Theorem 1.5 in Section 4.4. For more on the minimal homological degree of Khovanov homology, see [8] , [9] and [11] . This paper is organized as follows: In Section 2, we recall the definitions of HQFTs and some algebras introduced in [13] , as well as those of unoriented HQFTs and extended crossed group algebras defined in [10] . In Sections 3, we introduce a geometric chain complex of X-cobordisms. In Section 4, we establish our link homology and prove some of its properties, including Theorems 1.1, 1.4 and 1.5. In Section 5, we explain a combinatorial computation of our homology and some examples. In Section 6, we make some remarks on our homology theory.
Throughout this paper, the symbol R denotes a commutative ring with unit. For a group π and two elements a, b ∈ π, we denote the product by "ab" and the unit by "1". If π is an abelian group, we will use "a + b" and "0" instead. In our pictures, the source of a cobordism is the bottom and the target is the top.
Unoriented HQFTs and extended crossed group algebras
Here we will explain terminologies used in this paper.
2.1. Unoriented HQFTs. In this subsection, we recall the definition of unoriented homotopy quantum field theories (HQFTs). An oriented HQFT is introduced by Turaev [13] . Definition 2.1. Let X be a CW-complex. We call X the Eilenberg-Mac Lane space of type K(π, 1) corresponding to a group π (K(π, 1) space for short) if its homotopy group π n (X) = π with n = 1 and π n (X) = 0 with n = 1. It is well known that such a CW-complex is unique up to homotopy equivalence.
Definition 2.2 ([13])
. A topological space is pointed if each of its connected components has a base point. A map between pointed spaces is a continuous map preserving their base points. Homotopies of such maps are always supposed to be constant on the base points. Remark 2.3. In the standard definition of a pointed space, it has only one base point. However, in our description, a pointed space may have some base points. For example, a pointed space with k components has k base points.
Definition 2.4 ([13]
). Let X be a connected topological space with a base point x 0 ∈ X. A pair (M , g M ) is called an unoriented X-manifold if M is a pointed closed unoriented manifold and g M is a continuous map from M to X. We call the map g M the characteristic map. Since the spaces M and X are pointed, the map g M sends the base points of all components of M to x 0 . A disjoint union of unoriented X-manifolds and the empty set are also unoriented X-manifolds. An unoriented X-homeomorphism of unoriented X-
Definition 2.5 ( [13] ). Let X be a connected topological space with a base point x 0 ∈ X. A triple (W, M 0 , M 1 ) is called an unoriented cobordism when W is a compact manifold whose boundary is the disjoint union of pointed closed manifolds M 0 and M 1 . An unoriented X-cobordism is a tuple (W, M 0 , M 1 , g) such that the triple (W, M 0 , M 1 ) is an unoriented cobordism and that g : W → X is a continuous map which sends the base points of M 0 and M 1 to x 0 ∈ X. We call the boundary M 0 the bottom base, M 1 the top base and the map g the characteristic map. An unoriented X-homeomorphism of
Definition 2.6 ([13]
). Fix an integer d ≥ 0 and a path connected topological space X with a base point x 0 ∈ X. An unoriented (d + 1)-dimensional homotopy quantum field theory (HQFT for short ) (A, τ ) over R with target X assigns • a finitely generated projective R-module A(M, g) (A(M ) for short) to any unori-
Moreover these modules and homomorphisms should satisfy the following axioms:
(1) for unoriented X-homeomorphisms of unoriented X-manifolds f :
for any unoriented X-cobordism W , the homomorphism τ (W ) is natural with respect to unoriented X-homeomorphisms, that is, for any unoriented
) and for any continuous map
is preserved under any homotopy of g relative to ∂W .
Remark 2.7 ([13]). If f and f
, where F is the homotopy. Hence we can suppose that A(M, f ) is preserved under any homotopy of f . Similarly τ (W, g) is preserved under any homotopy of g (may not be relative to ∂W ).
Remark 2.8 ([10]
). Suppose that X = K(π, 1) with an F 2 -vector space π. Let S 1 be an unoriented circle and g : S 1 → X a continuous map. Then we can regard the homotopy class of g as an element α ∈ π since X = K(π, 1) and π is an F 2 -vector space. In the sense of Remark 2.7, we denote the unoriented X-manifold (S 1 , g) by (S 1 , α). Analogously, we represent an unoriented (1 + 1)-dimensional X-cobordism as an unoriented (1 + 1)-dimensional cobordism with some arcs and loops labeled by elements in π. For example, see the X-cobordism depicted in Figure 1 . Its top base is an X-manifold (S 1 , α+β) and its bottom base is the disjoint union of two X-manifolds (S 1 , α) and (S 1 , β). Its characteristic map sends each labeled arc or loop to the loop on X corresponding to the label. Since X = K(π, 1), such a characteristic map is uniquely determined up to homotopy. Figure 1 . Example of X-cobordism.
Extended crossed group algebras.
In this subsection, we recall some algebras which are introduced in [13] and [10] .
Let V and W be R-modules and η : V ⊗ W → R a bilinear form. The map η is non-degenerate if the two maps d :
A Frobenius π-algebra with a trivial group π is called a Frobenius algebra [1] . For any Frobenius π-algebra (L, η), we denote the group by Aut(L) which consists of algebra automorphisms preserving η.
is a Frobenius π-algebra over R and ϕ : π → Aut(L) is a group homomorphism satisfying the following axioms:
(1) for any β ∈ π, the map
where Tr is the R-valued trace of endmorphisms of finitely generated projective Rmodules (see for instance [14] ).
Turaev [13] showed that there exists a bijective correspondence between oriented HQFTs with target K(π, 1) space and crossed π-algebras.
Theorem 2.12 (Theorem 4.1 in [13] ). Let π be a group and X the K(π, 1) space. Then every oriented (1 + 1)-dimensional HQFT with target X over R determines an underlying crossed π-algebra over R. This induces a bijection between the set of isomorphism classes of oriented (1 + 1)-dimensional HQFTs and the set of isomorphism classes of crossed π-algebras. Now we define extended crossed group-algebras. Definition 2.13. Let π be a group such that α 2 = 1 for any α ∈ π (such a group is an F 2 -vector space). A tuple (L, η, ϕ, {θ α } α∈π , Φ) is an extended crossed π-algebra over R if the triple (L, η, ϕ) is a crossed π-algebra over R, and a family of elements {θ α ∈ L 1 } α∈π and an R-linear map of R-modules Φ : L → L satisfy the following axioms:
(
(since η is non-degenerate and each L α is finitely generated, such a map ∆ α,β is uniquely determined).
for any v ∈ L αβ (from the same reason as (7), such a i and b i are unique). Then, we put q(1) := i a i b i .
The author [10] proved the following result. Theorem 2.14 (Theorem 3.11 in [10]). Let π be an F 2 -vector space and X the K(π, 1) space. Then every unoriented (1 + 1)-dimensional HQFT with target X over R determines an underlying extended crossed π-algebra over R. This induces a bijection between the set of isomorphism classes of unoriented (1 + 1)-dimensional HQFTs over R and the set of isomorphism classes of extended crossed π-algebras over R.
Complexes of X-cobordisms for link diagrams on surfaces
In this section, we construct a geometric chain complex of X-cobordisms for link diagrams on oriented surfaces (Proposition 3.6). To define the complex, we use notations in [15] as a reference. • finite sequence of Reidemeister moves on the surfaces, • orientation preserving homeomorphisms of the surfaces. Suppose that F and F ′ are closed. Then, (F, D) and (F ′ , D ′ ) are stably equivalent if they are related by the above two operations and the following:
• adding or removing handles which do not affect the link diagram.
For a link diagram on a surface, we will define a complex by using the construction of Bar-Natan's complex given in [5] . Definition 3.2. Let F be an oriented compact surface and X the Eilenberg-MacLane space of type K(H 1 (F ; F 2 ), 1). Define UX Cob(F ) to be the following category. The objects
. Two morphisms are identified if they are related by an isotopy which preserves boundaries and characteristic maps. Bar-Natan's relation. In these cobordisms, their characteristic maps send to the labeled arcs to the loops in X corresponding to the labels. Such maps are uniquely determined up to homotopy since X is the K(H 1 (F ; F 2 ), 1) space.
Definition 3.4. Let C be an additive category. Then we define a category Mat(C) as follows: The objects of Mat(C) are finite families {C i ∈ C}. For convenience, we denote
If C is not additive category, then made it so by allowing formal Z-linear combinations of morphisms and define Mat(C) as above. n smoothings. By using given ordering of D, we obtain a natural bijection between the set of the smoothings of D and the set {0, 1}
n , that is, to any ε = (ε 1 , . . . , ε n ) ∈ {0, 1} n , we associate the smoothing D ε where the i-th crossing is ε i -smoothed. Each smoothing D ε is a collection of disjoint circles. We can regard a smoothing D ε as an unoriented closed 1-dimensional X-manifold by assigning
where |ε| = n i=1 ε i and n − is the number of the negative crossings of D.
0-smoothing 1-smoothing Figure 3 . 0-smoothing and 1-smoothing.
The morphism
i+1 is defined as follows: Take elements ε, ε ′ ∈ {0, 1} n such that ε j = 0 and ε ′ j = 1 for some j and that ε i = ε ′ i for all i = j. For such a pair (ε, ε ′ ), the smoothing D ε can be identical to D ε ′ out side a disc. We call this disc the changing disc (see p. 1085 in [15] ). Let B be the changing disc. In this setting, we define a map
by the matrix ((−1)
is the number of 1's in front of (in our order) the factor of ε which is different from ε ′ . Proof. This follows from the same discussion in Proposition 3.1 in [15] .
From the following proposition, the complex ([[(F, D)]]
* , Σ * ) is an invariant of strong equivalence. Proof. In Proposition 3.3 in [15] , Turner and Turaev gave an analogous statement for link diagrams on surfaces by using Bar-Natan's method. We can apply the same proof to our setting.
link homologies over F 2
In this section, we construct our link homology and show that it has some properties similar to the Khovanov homology.
In Section 4.1, we apply an HQFT which preserves the S, T and 4-Tu relations to the geometric chain complex given in Section 3 in order to construct our link homology, and we prove Theorem 1.1. In Section 4.2, we give a duality relation of our link homology (Theorem 1
4.1.
Applying an unoriented HQFT to geometric chain complexes. In this subsection, we construct our link homology.
Let F be an oriented compact surface. Define π := H 1 (F ; F 2 ). Let (A, τ ) be an HQFT with target K(π, 1) which preserves the S, T and 4-Tu relations given in Figure 2 . We can regard (A, τ ) as a functor UX Cob(F ) → P roj R by (Γ, α) → A(Γ, α) and W → τ (W ), where P roj R is the category of projective R-modules. By taking formal direct sums in Mat(UX Cob(F )) to direct sums in P roj R , the HQFT (A, τ ) extends to a functor Mat(UX Cob(F )) → P roj R . Moreover, the HQFT (A, τ ) defines a functor Mat(UX Cob(F ) /r ) → P roj R . For an oriented link diagram (F, D), we define Let f : (F, D) → (F ′ , D ′ ) be an orientation preserving homeomorphism. This induces X-homeomorphisms on the smoothings. Applying the HQFT, we obtain the isomorphism
. In order to check that f ♯ is a chain map, consider the homeomorphismf : F × I → F ′ × I given by (s, t) → (f (s), t). The mapf induces X-homeomorphisms Σ ε→ε ′ → Σ ′ ε→ε ′ on the X-cobordisms defining the differential maps of the complexes. By axiom (4) in Definition 2.6, we have
) is an isomorphism of the complexes. 
4.2.
A duality of our link homology. In this subsection, we prove that our homology has a duality relating the homology groups of a link diagram to those of its mirror image (Theorem 1.4) .
Let π be an F 2 -vector space with finite dimension and (L, η, ϕ, {θ α } α∈π , Φ) an extended crossed π-algebra. DefineL := Hom(L; F 2 ). We giveL an extended crossed π-algebra structure as follows:
• the mapφ := ϕ * for any α ∈ π, where ϕ * is the dual of ϕ, • the mapΦ := Φ * , where Φ * is the dual of Φ.
Indeed, the algebraL is extended crossed π-algebra. For example, the mapm is associative (see Figure 5 ), the element1 is the unit (see Figure 6 ) and so on. 
These mean Ψ is an isomorphism of extended crossed π-algebras. = Figure 5 . The mapm is associative, that is,m(w
The isomorphism given in Lemma 4.2 induces an isomorphism between C 
Proof of Theorem 1.4. From the definition, we have
For ε ∈ {0, 1} n , we defineε ∈ {0, 1} n bỹ
where n is the number of crossings of D. Then we obtain A(D ! ε ) = A(Dε). From Lemma 4.2, the following diagram is commutative. Figure 2 , we obtain
This diagram induces an isomorphisms
4.3. Examples of unoriented HQFTs over F 2 . In this subsection, we construct an example of unoriented HQFTs over F 2 . Let π be an F 2 -vector space. Define L 0 to be the F 2 -vector space with basis 1 and x, and L α to be the F 2 -vector space with basis y α and z α for 0 = α ∈ π. Set L = α∈π L α . We give L an extended crossed π-algebra structure as follows:
follows:
• the inner product η : L α ⊗ L α → F 2 is given as follows:
From Theorem 2.14 and the following proposition, we obtain an unoriented HQFT with target K(π, 1).
constructed as above is an extended crossed π-algebra over F 2 . From Theorem 2.14, we also obtain the unoriented HQFT (A, τ ) with target K(π, 1) corresponding to this extended crossed π-algebra.
Proof. We can directly check that this algebra satisfies the axioms of extended crossed π-algebras.
given as follows: 
Proof. We only need to check the case depicted in Figure 9 . In this case, we can compute 
By the definition, we have H
. Suppose that ker d n with |ε| = 1, the smoothing D ε is obtained from D 0 by one of the following:
• two circles of D 0 merge into one circle of D ε ,
• a circle of D 0 which is 0-homologue splits into two circles of D ε which are not 0-homologue (see Figure 11 ), • a circle of D 0 which is not 0-homologue splits into two circles of D ε which are not 0-homologue (see Figure 12 ), • a circle of D 0 changes into a circle of D ε (that is, the number of circles of D ε equals that of D 0 ). Figure 11 . A circle which is 0-homologue splits into two circles which are not 0-homologue. is injective and D) is weak plus-adequate, take an element k in A(D 0 ) as follows: Associate x to each circle of D 0 which is 0-homologue and associate y α + z α to each of the other circles of D 0 , where α is the corresponding element in H 1 (F ; F 2 ) to the circle. Then k is defined by the tensor product for these elements (see, for example, Figure 13 ). By below computation, k is a non-zero element in ker d Figure 13 . An example of "k". Let D be the diagram on the oriented closed surface with genus 2 depicted as above. Then D 0 has two circles which are 0-homologue and two circles which are not 0-homologue. Suppose that the homology classes of the circles are α and α + β, respectively. Then, the element 
Examples of computations
5.1. How to compute the homology. In this subsection, we explain how to compute our homology defined in Section 4.1.
Let (F, D) be an oriented link diagram. Set π = H 1 (F ; F 2 ). Let (L = α∈π L α , η, ϕ, {θ α } α∈π , Φ) be the extended crossed π-algebra corresponding to an unoriented HQFT (A, τ ) over F 2 (see Definition 2.13 and Theorem 2.14).
Fistly, fix an order of the crossings of D. Let n be the number of the crossings of D. Then for any ε ∈ {0, 1} n , we obtain the smoothing D ε , that is, the i-th crossing of D is ε i -smoothed (see Figure 3 and Section 3). Note that D ε is a collection of disjoint circles on F .
Secondly, we assign L α to each circle in D ε whose homology class is α ∈ π. The module A(D ε ) is given as the tensor product among the modules assigned to the circles in D ε . Namely,
where k α ε is the number of the circles in D ε whose homology class is α ∈ π = H 1 (F ;
where n − (D) is the number of the negative crossings of D.
Thirdly, we recall the definition of the differential map d
. Take elements ε, ε ′ ∈ {0, 1} n such that ε j = 0 and ε ′ j = 1 for some j and that ε i = ε In the case where one circle of D ε split into two circles of D ε ′ , the map d ε→ε ′ is the identity on all factors except the tensor factor corresponding to the split circle where it is the comultiplication ∆ α,β : L α+β → L α ⊗ L β , where α, β ∈ π are the homology classes of the split circles of D ε ′ (the definition of ∆ α,β is given in Definition 2.13).
In the case where one circle of D ε changes into another circle of D ε ′ , the map d ε→ε ′ multiplies the tensor factor corresponding to the circle of D ε by θ 0 .
If there exist distinct integers i and j such that ε i = ε ′ i and that
Finally, our homology is given by
In next subsection, we give some computational examples.
Some computations.
In this subsection, we compute our homologies of some link diagrams. Let (A, τ ) be the HQFT constructed in Proposition 4.4. 
where α is the homology class of the longitude of F . We can compute 
Hence we have
where α and β are the homology classes of the corresponding circles. We can compute ,τ ) ) is as follows:
where α is the homology class of the corresponding circle. We can compute
Hence we have 
Remarks
In this section, we make some remarks on our link homology theory. In the first remark, we make a remark on link diagrams on a non-orientable surface. In the second remark, we consider a group G instead of π = H 1 (F ; F 2 ). In the third, we give a new HQFT and show that the corresponding our link homology has "q-grading". Finally, we construct a link homology which is an extension of Lee homology with coefficient F 2 to strong equivalence classes.
Remark 6.1. Let M be an oriented I-bundle over a compact surface F (including nonorientable ones). Hence, M is either F × I for an orientable F , or the twisted bundle of an non-orientable F . An oriented link in M can be represented by a diagram on the surface. Two diagrams (F, D) and (F, D ′ ) represent the same link in M if they are related by the following two operations:
• finite sequence of Reidemeister moves on the surfaces, • homeomorphisms of the surfaces which are given by restricting orientation preserving bundle maps of M to the base space F .
In the case where i , Σ i ) is ours in Proposition 3.6.
is an extended crossed π-algebra and the corresponding HQFT (A ′ , τ ′ ) preserves the S, T and 4-Tu relations. From Theorem 1.1, we obtain a link homology H * (A ′ ,τ ′ ) .
• π is an F 2 -vector space, • L ′ 0 is the F 2 -vector space generated by 1 and x, and L ′ α is the F 2 -vector space generated by y α and z α for 0 = α ∈ π,
• for distinct elements α, β ∈ π \ {0}, the multiplication m ′ : L ′ ⊗ L ′ → L ′ is given as follows:
is given as follows:
→ F 2 are given as follows:
Moreover, this homology has "q-grading" as follows: For an integer t, we define deg ( . This homology is an extension of Lee homology with coefficient F 2 to strong equivalence classes.
• π is an F 2 -vector space,
• L ′′ 0 is the F 2 -vector space generated by 1 and x, and L ′′ α is the F 2 -vector space generated by y α and z α for 0 = α ∈ π, • ϕ 
The comultiplication ∆ ′′ : L ′′ → L ′′ ⊗ L ′′ and the counit ε ′′ : L ′′ 0 → F 2 are given as follows:
